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Abstract
Let H be the class of bounded measurable symmetric functions on
[0, 1]2. For a function h ∈ H and a graphG with vertex set {v1, . . . , vn}
and edge set E(G), define
tG(h) =
∫
· · ·
∫ ∏
{vi,vj}∈E(G)
h(xi, xj) dx1 · · · dxn .
Answering a question raised by Conlon and Lee, we prove that in
order for tG(|h|)
1/|E(G)| to be a norm on H, the graph G must be
edge-transitive.
Let H be the class of bounded measurable symmetric functions on [0, 1]2,
and H+ be the subclass of nonnegative functions in H. The functions from
H+ with values in [0, 1] are known as “graphons” (see [6]). For a function
h ∈ H and a graph G with vertex set {v1, . . . , vn} and edge set E(G), the
homomorphism density from G to h is defined as
tG(h) =
∫
· · ·
∫ ∏
{vi,vj}∈E(G)
h(xi, xj) dx1 · · · dxn .
Hatami [3] and Lova´sz [6, Chapter 14.1] posed the problem of determin-
ing when tG(h) provides a (semi-)norm on H. A graph G is called norming
if |tG(h)|
1/|E(G)| is a semi-norm, and weakly norming if tG(|h|)
1/|E(G)| is a
norm. Every norming graph is weakly norming. Lee and Schu¨lke [5] demon-
strated that G is (weakly) norming if and only if the functional tG(·) is
strictly convex on (nonnegative) functions h ∈ H. Conlon and Lee [1, Sec-
tion 6] proposed some conjectures characterizing norming and weakly norm-
ing graphs.
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Every weakly norming graph is necessarily bipartite (see [3,6]). Thus, it
is possible to define norming and weakly norming graphs using asymmetric
functions h (as was done by Hatami in [3]). It is easy to see that every
(weakly) norming graph in the asymmetric setting is (weakly) norming in
the symmetric setting as well. For this reason, we will restrict our attention
to the symmetric case.
All known examples of norming and weakly norming graphs are edge-
transitive (see [1–6]). Thus, it is natural to ask if every edge-transitive
bipartite graph is weakly norming, and if every weakly norming graph is
edge-transitive (see [1, Section 6]). The first question was recently answered
in the negative by Kra´l et al [4] who proved that toroidal grids C2kC2k
with k ≥ 3 are not weakly norming. In this note, we provide the positive
answer to the second question.
Theorem 1. Every weakly norming graph is edge-transitive.
To prove Theorem 1, we need a few results from [2], [3], and [6].
Theorem 2 ( [2, Theorem 1.2]). A graph is weakly norming if and only if all
its non-singleton connected components are isomorphic and weakly norming.
Let E(G) = {e1, e2, . . . , ek}, el = {vi(l), vj(l)}. Let h1, h2, . . . , hk ∈ H.
Define
tG(h1, h2, . . . , hk) =
∫
· · ·
∫ k∏
l=1
hl(xi(l), xj(l)) dx1 · · · dxn .
We clearly have tG(h, h, . . . , h) = tG(h).
Theorem 3 ( [6, Theorem 14.1]). G is weakly norming if and only if for
any h1, h2, . . . , hk ∈ H+,
tG(h1, h2, . . . , hk)
k ≤
k∏
l=1
tG(hl) .
The following result was proved by Hatami in the asymmetric setting,
but the proof remains valid in the symmetric setting (see [3, Remark 2.11]).
Theorem 4 ( [3, Theorem 2.10 (ii)]). If a connected bipartite graph G
is weakly norming, then all vertices belonging to the same part have equal
degrees.
Theorem 5 ( [6, Theorem 5.29]). If tF (h) = tG(h) for all h ∈ H+, then F
and G are isomorphic.
2
Lemma 6. If a graph G with edges e1, e2, . . . , ek is weakly norming, then
for any h ∈ H+,
tG−e1(h) = tG−e2(h) = · · · = tG−ek(h) .
Proof. We say that a function h ∈ H+ is separated from zero if there exists
δh > 0 such that h(x, y) ≥ δh for all x, y ∈ [0, 1]. Since any nonnegative
function in H+ is a limit (in L1 metric) of a sequence of functions separated
from zero, and the functional tG(·) is continuous, it is sufficient to prove that
tG−e1(h) = tG−e2(h) for any h that is separated from zero. Let 1 denote the
constant 1 function, and let h + ε be a shorthand for h + ε · 1. If |ε| ≤ δh,
then both h+ ε and h− ε are nonnegative. Denote
tl = tG−el(h) = tG(h, . . . , h, hl = 1, h, . . . , h) .
Notice that
tG(h+ ε, h− ε, h, . . . , h) = tG(h) + (t1 − t2)ε+O(ε
2) ,
tG(h+ ε) = tG(h) + (t1 + t2 + . . . + tk)ε+O(ε
2) .
By Theorem 3,
tG(h+ ε, h− ε, h, . . . , h)
k ≤ tG(h+ ε) tG(h− ε) tG(h)
k−2 .
Since tG(h+ ε) tG(h− ε) = tG(h)
2 +O(ε2), we get
tG(h)
k + ktG(h)
k−1(t1 − t2)ε+O(ε
2) ≤ tG(h)
k +O(ε2) .
As ε can be of any sign, and tG(h) 6= 0, we conclude that t1 − t2 = 0. 
Proof of Theorem 1. By Theorem 2, we may assume that G is connected.
As G is connected and bipartite, the two parts of its vertex set are well
defined, we denote them A and B. By Theorem 4, there are integers a, b
such that all vertices from A have degree a, and all vertices from B have
degree b. Without loss of generality, we may assume that a ≤ b. If a =
1, then G is a star, and is edge-transitive. We will assume that a ≥ 2.
Let {e1, e2, . . . , ek} be the edge set of G. Let Gl denote the subgraph of
G obtained by dropping edge el. Since G is connected, and each vertex
has degree at least 2, then G has an edge which is not a bridge, so at
least one of the subgraphs G1, G2, . . . , Gk must be connected. By Lemma 6
and Theorem 5, the graphs G1, G2, . . . , Gk are isomorphic, hence, each of
them is connected.
3
We are going to demonstrate that there is an automorphism of G which
maps edge e1 into e2. As G1 and G2 are isomorphic, there exists a permu-
tation pi of the vertices of G which provides such an isomorphism. It means
that if l ≥ 2, then pi maps el into one of the edges among e1, e3, . . . , ek. We
claim that pi maps e1 into e2. Indeed, let e1 = {u1, v1}, e2 = {u2, v2} where
u1, u2 ∈ A and v1, v2 ∈ B. It is possible that either u1 = u2 or v1 = v2, but
not simultaneously. The degree of u1 in G1 is a− 1, while the degree of any
vertex in G2, apart from u2 and v2, is either a or b. Recall that a ≤ b. Thus,
either pi(u1) = u2, or a = b and pi(u1) = v2. In the second case, the only
vertex of degree a− 1 = b− 1 in G2 (apart from v2) is u2, hence pi(v1) = u2.
In the case pi(u1) = u2, since G2 is connected, pi(v1) is connected to pi(u1)
by a path of odd length, and thus, pi(v1) ∈ B. Any vertex u ∈ B−{v2} has
degree b in G2, and v1 has degree b− 1 in G1, hence, pi(v1) = v2. Therefore,
pi is an automorphism of G which maps e1 into e2. The same argument can
be applied to any pair of edges of G. 
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